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ABSTRACT 



In this paper we describe the derivations of orthosymplectic Lie su- 
peralgebras over a superring. In particular, we derive sufficient con- 
ditions under which the derivations can be expressed as a semidirect 
product of inner and outer derivations. We then present some ex- 
amples for which these conditions hold. 



INTRODUCTION 



The original motivation for this paper came from the study of extended afhne 



Lie algebras ([AABGP]). In particular we were interested in describing the 
derivations of Lie algebras over fields of characteristic graded by root systems 
of type Bj and Dj and developing conditions under which we could write the 
derivation algebra as a semidirect product of the inner and the outer deriva- 
tions. Such a decomposition is very useful in the construction of extended afRne 



Lie algebras of type B and D from their centreless core ( ||AG| ) . In light of the 



recent activity in developing a theory of root-graded Lie superalgebras ([BeE|, 



[GN|), it is of interest to consider Lie superalgebras. Our methods will allow 



us to describe derivations of various types of orthosymplectic Lie superalgebra 

*The author gratefully acknowledges the support of National Science and Engineering 
Research Council Postgraduate Scholarships PGS A and PGS B and the support of the Ontario 
Graduate Scholarship in Science and Technology. 

^This paper is part of the author's Ph.D. dissertation written under the supervision of 
E. Neher at the University of Ottawa. The author wishes to thank him for his support and 
guidance. 



1 



over superrings containing i , including some examples which occur in the recent 
paper [ pw| |. 



Some work on derivations of Lie superalgebras was done by Kac in [K2 and 
Scheunert in In particular, they described the derivations of simple finite- 
dimensional Lie superalgebras over algebraically closed fields of characteristic 0. 
For o rthosymplectic Lie superalgebras, their result is a special case of Corollary 



4.13| presented in this paper. Significant work on derivations was recently done 



by Benkart in [ Be | . She described the derivations of Lie algebras over fields of 



characteristic zero which are graded by finite root systems usin g th e derivations 



of the coordinate algebras. The result described in Corollary 4.7 is a general- 
ization of Benkart 's result when we consider the Lie algebras which are graded 
by root systems of type Bi, \I\ > 3 and Dj, \I\ > 4. 

We assume that K is a. supercommutative and unital superring containing ^ 
and A a superextension of K. We consider subalgebras of the orthosymplectic 
Lie superalgebra osp(g) where q is an A-quadratic form on an A-supermodule 
A4. The superalgebra osp((j') is the Lie superalgebra of all j4-endomorphisms 
X oi M such that q{x{m),n) + (— l)l'"fl"lq'(x(n), m) = for all 111,71 ^ M. 
It has an ideal, eosp((7), which is defined to be the Z-span of the maps 
for homogeneous m,n ^ M. where Em^„(p) = mq{n,p) — (— l)'"IIPl(7(m,p)n for 
p G A4. We show that if qoo is the orthogonal sum of the hyperbolic superplane 
and another quadratic form q on an A-supermodule A4 , then the if -derivations 
of any subalgebra £"00 of osp(qoo) containing eosp((joo) can be described as a 
sum of the inner derivations and a Lie superalgebra 5 T for certain 5, T C 
End/j- A4 . We also determine the intersection of the inner derivations and the 
superalgebra iS © T and we determine the conditions under which we can write 
the algebra of derivations as a semidirect product of the inner derivations and 
a certain subalgebra. Finally, we describe some examples where we do get the 
splitting of if- derivations of £"00, Der^f (foo), into a semidirect product of the 
inner derivations and a subalgebra of © T. In particular, when q is an almost 
diagonalizable A-quadratic form on a free A-supermodule of dimension greater 
than 2 (i.e., there exists a homogeneous basis {rrii \ i G 1} oi Ai such that for 
each i e i there exists i E I such that q{mi,mj) is if i ^ i and is invertible 
otherwise), we get the semidirect splitting of the derivations for a number of 
subalgebras £00 ■ These include the centreless core L of an extended affine Lie 
algebra over C of type Bj or Di and nullity v and, in this case in particular, 
we get Derc(£/Z(L)) = ad(i/Z(L)) x: Dcrc C[tf^, tf^] for I a finite set. 



1 SUPERALGEBRAS 

In this section we will describe some fundamental concepts of superstructures. 
The reader can find more extensive coverage of this material in [K2 , |^ and 

Let Z2 = {0, 1} be the field of two elements. A ring K is called a superring 
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if is a Z2-gradcd ring, i.e., K = Kq © Kj such that K^Kp G K^^p for all 
a,f3 € Z2. We say that a superring K is supercommutative if ab = {~l)"^ba for 
all a G Ka,b G Kp for all a,(i G Z2. Throughout this paper shall denote a 
unital and supercommutative superring and we will assume that K contains |. 
Note that 1 G ifg. 

A _ftr-bimodule is called a K-supermodule if 7W — © A^i for some Kq- 
submodules Mq and Mi of such that KaMjS C A^a+/3 for all a, /? G Z2 and 
the ii'-module action satisfies 

am = (-l)"'^ma (1.1) 

for all a G JCa, m € Adp. Throughout this paper, any time we talk about a 
Z2-graded structure Z = Zq (B Zi we will call an element z G Z homogeneous if 
z G Za for some a G Z2 and we will say that z is of degree a, denoted by |2;| = a; 
in this case we will assume throughout that when \z\ occurs in an expression, 
then it is assumed that z is homogeneous, and that the expression extends to 
the other elements by linearity. When we refer to a submodule of a supermodule 
we assume that the submodule is also Z2 - graded. 

IiMi,M2,...,M n are iiT-supermodules then the direct sum A4i © M2 © • • • © 
Mn is a iV'-supermodule via the action 

a(mi, 7712, • • • , m„) — (ami, am2, • • • amn) 

for all a e K, e Mi, z = 1, 2, • ■ • ,n. A map : Mi x M2 x . . . x Mn —>■ M 
where A/" is a iv'-supermodule is said to have degree a (a G Z2) if 

(?i(mi,...,m„) & J\fa,+ \mi\+-+\m„\ 

for all homogeneous mi G Mi, 1 < i < n. Given /T-supermodules M and Af, 
we say that a map (f) : M ^ M is K-lineai if (f) is additive and 

(p{ma) = (p{m)a for all a G K, m & M. 

A if-linear map between if-supermodules M and M is called a K-supermodule 
homomorphism from M to N. The set of all K-supermodule homomorphisms 
from to A/' is denoted by I{.ovd.k{M,N^) and is a ii'-supermodule where 
the /C-action is given by {af){m) := a{f{m)) and {fa,){m) := f(am) for all 
a £ K, f G Hom/<-(A1, A/"). The Z2-grading is given by 

iiomK{M,J\f) = (HomK(A/(,AA))o © (Hom;^(7W, A/")): 

where Hom/i-(A^, A/')a = {/ G Hom/f (A4, A/") | degree of / is a}. In case M = 
Af we write Endx M instead of Homx(A4, M). Given a ii'-supermodule V, we 
say that a map (f) : M x Af ^ V is K-bilinear if 

(l){m + m' ,n + n') = (p{m,n) + (f){m,n') + (f){m,n') + (p{m' ,n'); (1.2) 
(f){ma,n) = (j){m,an); and (1.3) 
(t){m,na) = (f){m,n)a (1.4) 
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for all a e _ftr, m G A^, n e A/". The set of all ii'-bilinear maps 4> : M x Af 
forms a -ftT-supermodule via the action 

{a(j)){m,n) := a{(j){m,n)); and 
{4>a){m,n) := (j){am,n) 

for all a G K, m € M, n eAf. 

A /T-bilinear map (p : A4 x M ^ J\f is supersymmetric if 

(f>{m,n) = (-l)l"ll"l^(n,m) 

for all m,n e Af. Note that if (j) is supersymmetric, then (PImqxMo is symmet- 
ric and (j)\MixMi is skewsymmetric. The radical TZ of a supersymmetric (f) is 
defined by 

11 = {m€ M\ 4>{m, n) =Oyn€ M}. 
We say that cj) is nondegenerate i{TZ= {0}. 

A K-quadratic map between JT-supermodules Al and A/^ is a ii'-supersymmetric, 
/C-bilinear map g : Af x A^ — > AT of degree 0. Given a -ff-supermodule M., a 
-fC-quadratic; map q from A4 to if is called a K-quadratic form on A4. Given two 
-fC-supermodules A4i and AI2 with if-quadratic forms qi and 52 respectively, 
we define their orthogonal sum g = gi © 92 to be the -fC-quadratic form on the 
-fC-supermodule Al = Ali ® AI2 given by 

q{mi ®m2,ni ®n2) = {qi® q2){mi® 1712, rii® 712) 
= q{mi,ni) + q{m2,n2) 

for mi,ni e Mi, m2,n2 G M2- 

Example 1.1 Let / be an arbitrary set. We define H{I,K) to be the direct 
sum of free /C-supermodules Kh±i for i G I where h±i are of even degree. In 
other words, 

H{I) ^ Hil, K) = ®,eiiKh, © Kh_i). 

where the elements of the basis {/i±i}i6/ are all of even degree. Then we have 
that H{I) = H{I)q © H{I)i is a ii'-supermodule where 

H{I)a = ®iei{Kahi © K^h-i) 

for a G Z2. We call H(I,K) the hyperbolic K -superspace. In the case when 
|/| = 1, we call H{I, K) the hyperbolic K-superplane. We define the /T-quadratic 
form qi on the hyperbolic Jf-superspace H{I) by setting 

qi{hai,h-ij,j) = 5a,ti^i,j 

for all i, j G /, (T, ^ G {±} and extending qi bilinear ly over K. Note that qi is 
the orthogonal sum of all , i G I. 
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A superalgebra A over if is a if-supermodule with a if-bilinear map • : Ax A 
A of degree 0. A subalgebra B of the superalgebra ^4 is a if-submodule B of A 
such that B is closed under -{bxe- A subalgebra B of A is an ideal of A if 
A ■ B C B. A unital, associative, supercommutative superalgebra A over K is 
called a superextension of K. 



Example 1.2 Let Q be the associative if-algebra generated by {^ijieN subject 
to the relation ^^^^ = for all i, j £ N. Since ^ G if, we have in particular 

that = for all i G N. The algebra Q is called the exterior algebra over K on 
a countable number of generators ^i, i G N, or simply the Grassmann algebra. 
It is easy to check that the Grassmann algebra is a superextension of K . 

Let be a if-supermodule. Then End^ is a if-superalgebra via the usual 
composition of maps. 

Given two if-superalgebras A and B, a iiT-algebra homomorphism (j) : A B 
of degree is called a K -superalgebra homomorphism. If, in addition, (j) is bijec- 

tive, we say that </> is an isomorphism and we write A = B, or simply A B. 

Definition 1.3 Let A be a i^T-superalgebra in a variety 2J (later QJ will be the 
variety of Jordan or Lie superalgebras) . Let U he a i^T-supermodule equipped 
with a pair of ^ff-bilinear mappings (a, u) t-^ au, (a, u) i— > ua, a G A^ u € U, of 
A X U into U of degree 0. Then X = A®U is a. ilT-supermodule on which we 
define a multiplication by 

(a + u){b + v) = ah + av + ub (1-5) 

for all a,b G A, u,v Cz U. Since this product is if-bilinear, AT is a superalgebra 
over K, called the split null extension of A determined by the bilinear mappings 
of A and U (see Chap. II, Sect., 5] for the classical case). If X is a superalgebra 
in the variety 2J then we say that W is a ^-module for A. In this case, for 
each a G Z2 let (Deix{A,U))a be the space of all homogeneous A'-module 
homomorphisms d G Hom^^ (A, Z//)^ satisfying for all homogeneous x £ A and 
ally e A 

d{xy)^d{x)y+{-ir\-\xdiy). 

We define 

J^eTKiA,U) = (BeTKiA,U))o ® (DeTKiA,U))i. 

Then it is easy to see that DeTK{A,U) is a submodule of End^^ and hence 
a A'-supermodule. The elements of DeTK{A,L{) are called the K -derivations 
(from A to U). If A = U, we simply write Der/f A. 

A A'-supermodule L is called a Lie superalgebra if it is equipped with a K- 
bilinear bracket multiplication [•, •] : L x L ^ L such that: 
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(SLl) For all x,y eL, 

[a:,y] = -(-l)l-ll^l[y,x]; 

(SL2) For all x,y,z e L, 

(-l)NW[[.T,2;],z] + + (-1)'^"^' [[z, x], y] = 0. 

The property (SL2) is called the Jacobi identity and is equivalent to 

[[x,y],z]^[x,[y,z]]-{^l)\^\\y\[y,[x,z]] (1.6) 

for all x,y, z £ L. 

For example, given an associative -fC-superalgebra A, we can define a Lie su- 
peralgebra structure on A, denoted by A^~\ by defining the bracket operation 
via [x, y] = xy — (— for all x,y & A. In particular, one can easily check 
that Derx ^ is a subalgebra of (End/f AY^\ 

If L is a Lie superalgebra, we define the centre of L by 

Z{L) = [x eL\[x,y]^Q for all y e L}. 

We have that Z{L) is an ideal of L. A Lie superalgebra L is called a central 
extension of the Lie superalgebra L if there exists a central ideal C of L (i.e., 
C C Z{L)) such that L/C ^ L. 



For any element x of L, we can define the map ad(a;) : L L hy a.d{x){y) := 
[x,y]. The X-supermodule ad(L) forms an ideal of Dctk L called the in- 
ner derivation algebra of L and denoted by ad L. For example, any finite- 
dimensional Lie superalgebra L over a field fc, whose Killing form is nondegen- 



erate, has no outer derivations, i.e. Der^ L = adL (see [K2, Prop. 2.3.4]) 



We recall the following definition (see [Nl|, for an equivalent definition see |LN|). 



A subset i? of a real vector space X with a scalar product (•, •) is called a root 
system (in X) if R has the following three properties: 



(RSI) R generates AT as a vector space and ^ R, 

' (a, a) 



(RS2) for each a £ R we have Sa{R) — R where Sa{x) = x — 2 a for 



X £ X, 

(RS3) for all a, f3 £ R, we have (a, (3) £ Z, where for a: G A, a £ R, 

{x,a) :=2f^. 

(a, a) 



A root system R is irreducible if i? ^ and if R is not an orthogonal sum of two 
non-empty root systems. Every root system is an orthogonal sum of irreducible 



6 



root systems which are uniquely determined and are called the irreducible com- 
ponents of R. Note that in the finite-dimensional case, these definitions conform 
with the traditional definition of (finite) root systems. An irreducible root sys- 
tem is isomorphic to a finite root system or to one of the infinite analogues of 
the root systems of type A — D and BC ([LN]). 

Let R be a root system. We say that a Lie superalgebra over K is R-graded 
(|GN|) if there exist supermodules L", a € RU {0} of L, such that 

(SGI) L ^ ^aeRulojL"; 

(SG2) for aU a, /3 e i? U {0}, 

. r L"+^ ifa + /?ei?U{0} 

^ ' ^ ^ \ {0} if a + /3 ^ i? U {0} ' 

(SG3) as a Lie superalgebra, L is generated by UaeRL"; 

(SG4) for every a G i? there exists 7^ Xa G (-^")o such that Ha ■— [X^a,Xa] 
operates on i'' (/3 e i? U {0}) by 

[Ha, zp] = (/?, a)zp {zp 6 L^) 

where 

(P,a) = 2- 



(a, a) 



This is a generalization of i?-graded Lie algebras (see [BM| and |BeZ|) in the 
following sense: Every i?-graded Lie algebra is an i?-graded Lie superalgebra 
(by setting Lq = L and ij =0). However, if L is an i?-graded Lie superalgebra, 
Lq need not be an _R-graded Lie algebra (see Example 



2.1 



A Jordan superalgebra (|K3|) J = Jg © Ji over K is a -ftr-superalgebra such 
that for all a, b,c,dG J, 

(JSAl) ab^ (-l)l''ll''l6a 

(JSA2) ((afe)c)d+ (-l)l''ll=la((M)c) + (-l)l''ll'^l+l'^ll'=l6((a(i)c) = 

{ab){cd) + (-l)l^ll''l(ac)(6d) + (-l)l'^l(l''l+l=l)(arf)(6c) 
(JSA3) {a'^c)a = a'^{ca). 

Example 1.4 Let be a i^-supermodulc with a iiT-quadratic form q. Then 
the algebra J — K (B A4 with multiplication o given by 

(a © m) o (b Q) n) = [ab -\- q{m, n)) © (an + mb) 

forms a Jordan superalgebra, called the Jordan superalgebra associated with 
the quadratic form q. 
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One can check that given a Jordan algebra J over K, a ii'-module is a Jordan 



superalgebra module (or a Jordan supermodule) according to Definition 1.3 if 
jVi is a iiT-supermodule satisfying: 

(JSAMl) am = (-l)l"ll"lma 

(JSAM2) = {-l)\'>\\'\Rab,Rc] + (-l)l"ll''l[i?ca,i?6] + (- 1) ' "I ' ^1 [i?bc , i?a] 
(JSAM3) RcRbRa + (-l)l''ll''l + l''ll^l + l''ll=li?ai?6i?c + (- 1) I'' ' i?(ac)b = 

{-l)(W\ + mc\R^^R^ + (-1)1-1 1^1 + {~i)W\-\R,,R, 

for all a,b,c € J, m ^ M where Rd denotes the action on the right of J on X, 
i.e., RdX = xd. 

2 ORTHOSYMPLECTIC LIE SUPERALGEBRAS 

We will denote by ^ a superextension of K and by an A-supermodule with 
an yl-quadratic form q . 

Set 

osp((7) = {a; 6 Y^yiAaM \q{x{m),n) + (-l)l™ll"l(7(a;(n), to) = for aU 
■m,n € M-}. 

We define, for homogeneous m,n,p G M, 

E„„,(p) = TOg(n,p)-(-l)l"IIPl(j(TO,p)n. (2.1) 

and we extend E : M x M ^ End^ 7W linearly. Let 

eosp(q) = span2{Em,„ \m,ne M}. 

We call osp(g) the orthosymplectic Lie superalgebra (of q) and eosp(q) the ele- 
mentary orthosymplectic Lie superalgebra (of q). 



The techniques developed in |N2 to describe root-graded Lie algebras can be 



adapted to the supercase, see [N2, Section 5.4] and ]GN| . In particular, let / be 
an arbitrary set and qi the quadratic form on H{I; K) defined as in Example 

{Bj) Assume that \ G K and |/| > 3. A Lie superalgebra L over K is _B/-graded 
if and only if there exists a superextension A of A', an ^-supermodule 
with an ^-quadratic form q and an element m G satisfying q{m,, m) — 1 
such that L is a central extension of the Lie superalgebra eosp(g/ q). 

(Dj) Assume that ^ G A and |/| > 4. A Lie superalgebra L over K is Dj- 
graded if and only if there exists a superextension A oi K such that L is 
a central extension of the Lie superalgebra eosp(g/). 
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Example 2.1 Let K he a commutative and unital ring containing i. We con- 
sider K as a superring with Ki — (0). Let / and J be arbitrary index sets 
(|/| > 3 and J ^ %) and let M — (BjfzjKnij be a free /iT-supermodule with a 
basis consisting of odd elements and with a nonzero fC-quadratic form q_\4 . Con- 
sider L = eosp{qi (Bqm © ^o) where go is the quadratic form on the free module 
Kxq given by qo{xo,Xo) ~ 1. Then by (Bj), L is a i3/-graded Lie superalgebra 
over K. It can be shown in particular that eosp(g7n)(^ eosp{qi © qm ® qo)) is 
contained in (L°)o but that it is not generated by {L°')q, a € Bj. Hence Lg is 
not a i3/-graded Lie algebra. 

li X — {xi)i^j is a family in eosp((7) we say that x is summable if for every 
m G A4, {xi(m))i^j has only finitely many nonzero terms, and in this case we 
define x — '^^^j Xi G End^ A4 by setting 

1 (to) = x^{m) 

Kiel ) iGlm 

for /m = {i e / I Xi{m) ^ 0} (/,„ is finite). We will say that X^ie/ is 
summable to indicate that (xi)i^i is summable. Also, given a summable x = 
'^iii throughout denote by Im the finite subset of / such that for 
i & I, Xi{m) ^ 0. The set of all summable Yliei^^^ ^ eosp(g) is denoted 
by eosp(g) and is an A-submodule of End^ with the natural Z2-grading. 
Summable homomorphisms are discussed in a more general setting in Q. In 
this section we will investigate some of the properties and the structures of 
eosp((j), eosp((7) and osp((7). 

Lemma 2.2 Let M be an A-supermodule with an A-quadratic form q. Then 

1) for all m,n Cz M and for all a G A. Em.n G osp{q). Moreover, the map 
E : M X M EndA M : (to, n) ^ E,„,„ is A-bilinear, 

E™,„ - -(-1)I'"II"Ie„,„; and 

9(E™,„(p),r) = (-l)(l™l+l"l)(IPl+l'-|)g(Ep,.(TO),n) 
for all TO, n,p,r G M; 

2) osp(q) is a subalgebra of the Lie superalgebra (EndA 

3) for all m,n M and x G osp(g), 

[a;,E™,„] = E^(™)^„ + (-1)I="II'"IE™,^(„); and /lence (2.2) 



4) eosp(q) and eosp((j) are ideals ofosp{q). 

5) If A is a field of characteristic 0, q is nondegenerate and M. is a free 
A-module of finite rank, then osp(g) = eosp(g) = eosp(q). 
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The easy proof of this lemma is left to the reader. However, we note that to 
prove that eosp{q) is an ideal of osp{q) one uses the formula 



^[xi, y] e eosp(q), X! ^ eosp(g), y e X (2.3) 
iei iel 



for any subalgebra X of Endj^ M of which cosp(g) is an ideal. 

In what follows we will denote by £ a subalgebra of osp((7) containing eosp(g). 
We set 

£oa = {(a, m, n, x) I a G A, m, n G A4, x £} 
to be the Lie superalgebra with multiplication 

[(a, m, n, x), (a', m', n', x')] = {qi'm, n') — q{n, m'), 
am' + xm' - ma' - (-l)l^'ll"la;'TO, -an' + xn' + no! - (-l)l"='ll"la;'n, 

V,x'\) (2.4) 

for all a, a! S A, m, m', n, n' e Ai, x, x' G £. Then L = £00 = © Lq © is 
a 3-graded Lie superalgebra (i.e., LcrLfj_ C icr+/^, o-, /i G {±,0}) where 

Lq = {(a, 0, 0, a;) I a G v4, a; G eosp((7)} 
i+ = {(0,m,0,0) I m G X} 
L_ = {(0,0,TO,0) I m G TW}. 

If we set goo := 9{oo} © 9 where q^oo} is the A-quadratic form on the hyperbolic 
superplane H{{oo},A) then eosp(g)oo = eosp(goo), osp(5)oo = osp(gtx3) and so 
eosp(goo) C £00 C osp(goo)- In particular, we see from (Bj) and (D/) that Bj- 
graded and ZJj-graded Lie superalgebras (|/| > 3 and |/| > 4 respectively) over 
K containing ^ are central extensions of eosp(g)oo for a suitable superextension 
A of an A-supermodule A4 and an A-quadratic form q. 

Let be a if-supermodule with a /f-quadratic form q. Let J = K ® Ai 
be the Jordan superalgebra associated with the quadratic form q (see Example 



1.4). Consider the action of J on the ii'-supermodule X = £ (S A4 given by 



{x ®p){a®m) = (xa + 'Ep^rn) ® ix{m) +pa) (2.5) 
= (-l)l"®™ll^®fl(a©m)(a;©p) 

for a € K, m,p G A4 and x ^ £. Then one can easily check that (JSAMl)- 
(JSAM3) hold and so X is a Jordan superalgebra module for J. 

The following can be easily shown and will be used in the next section: 

Proposition 2.3 Let A4 be an A-supermodule with an A-quadratic form q. 
Let L ~ £oc- Then Z{L) = (Ann^i Al, 0, 0, 0) where AhuaM = {a G A \ am = 
for aU m G M}. 
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3 DERIVATIONS 



In this section we will study the derivations of £00 where £ is a subalgebra of 
osp{q) containing eosp{q) for an A-supermodule A4 with an ^-quadratic form 
q. We will denote £00 by L throughout. Recall t hat L = {(a,m,n, x) \ a G 
A, m,n G A4, x € £} with multiplication given by (2.4). 



Proposition 3.1 We have that 

Der/^L = ad L + {de Der^L | 0,0,0) e Z{L)}. 

Moreover, 

(DerA'£)o {d E BeiK L \ d{L„) £ L„,(t = 0,±} 

= {d£DeTKL \d{l,0,0,0) e Z{L)}. 

In particular, {d e Der/f L \ c?(l, 0, 0, 0) G Z{L)} is a subalgebra o/Der/f L and 

adLn {d e DerA'L | 0,0,0) 0} = adLo. 

Proof: It is clear that ad_L + (DerA L)o C DeiK L- For x E L we will write 
X = X-+XO + X+ where E L^, /i = 0, ± and we will denote (1, 0, 0, 0) simply 
by 1. Let d E Der^r L and set d' = d + ad(d(l)+ - d(l)_). Then for aU a; e L 

d'{x+) = d(x+) + [d(l)+-d(l)_,x+]=d[l,x+]-[d(l)_,x+] 
- [d(l),a;+] + [l,rf(.T+)]-[rf(l)_,x+] 
= [id{l))o,x+] + [l,dix+)+]EL+ 

^ V ' ^ V ' 

since 

d(x+)_ = {d[l, x+])_ = [d(l), +[1, d(x+)]_ = -d(x+)_ 

=0 

and so (i(x+)_ = 0. Similarly, d'{x^) E In addition, [l,a;o] = implies 
= [d(l),xo] + [l,c?(xo)] which in turn implies d{xQ)± — TM(l)±,a;o] and 
hence d'{xo) = d{xo)o £ Lq. Therefore Dctk L = adL + {DeiK L)q. Now, let 
d E (DeiK L)o and x E L. Then 

d{x+) = d[l, x+] = [d{l),x+] + [1, d{x+)] = [d{l),x+] + d{x+) 

which implies that [d(l),x+] = 0. Similarly, [d(l),a;_] — 0. Moreover, since 
[1, xo] = 0, we have = [d{l), a;o] + [1, rf(a;o)] and so since d{xo)E Lq, [d{l),xo] = 
0. Hence (Der^' L)o C {d E DeiK L \ d{l) E Z{L)}. Conversely, if d G Der^ L is 
such that d{l) E Z{L) then for all x E L, d{x±) = ±d[l, x±] implies d{L±) C L± 
and [1,2^0] — implies [l,d(xo)] = — [rf(l),a;o] = which in turn implies 
d{Lo) C Lq. Therefore (DerA-i)o = {d E DctkL \ d{l) E Z{L)}. It is easily 
verified that (Derx L)o is a subalgebra of Derx L and so all of the statements 
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of the proposition hold. 



We remark that the proposition above holds for so called toral 3-graded Lie 
superalgehras, i.e., for the Lie superalgebras of the form L — L_i ®Lq®Li with 
LaLfi C L^^fi for a, fj, € {0,±1} and such that there exists C £ -^o satisfying 

[C,Xa] = CTXa- for all X„ e iff, cr G {0, ±}. 



In what follows, we will assume that AiuiaM = and so by Proposition 2.3 



Z{L) = 0. In addition we have the superalgebra monomorphism A —>■ End^ M : 
a a-Id\M- 

We make the following definitions which will be instrumental in describing the 
derivations of Soo- 

Definition 3.2 For each a G Z2, let (iSf)^ be the set of all iiT-linear endonior- 
phisms 5 of of degree a satisfying 

(51) [S,A-Id] c A-Id; 

(52) [S,q{m,n}Id] ^ (g(S'(m), n) + (-l)l"ll"lg(S'(n), m)>/d for all homogeneous 

(53) [S, £] c £. 

Definition 3.3 For each a G Z2, let (Tg)^ be the set of all iiT-lincar endomor- 
phisms T of of degree a satisfying 

(Tl) [T,A-Id] C £; 

(T2) [T, q(TO, n)-Id] = Et(„) „ + (-1)I'"II"IEt(„) ™ for all homogeneous m,n G 
M; 

(T3) [T,£] cA-Id. 

Set Ss = {Ss)o ® {Ss)i and 7^ = (7^)o ® (^)i- We see immediately that Sg 
and Tg are submodules of the i^T-supermodule Endi<-(7W). Moreover, £ C Ss 
and C Tg. We will write S and T for iSg and respectively when the 

context is clear. In fact, if we define, for N G {1,2,3} and a G Z2, 

5^^^ = {5 G (EndKX)a I S* satisfies (SN)} 

and 

j-iN) ^ £ (Endx M)c\T satisfies (TN)} 
and set 5^^) = 5^ ^ © 5^^', r(^) = T.'^^ © T^^^' then 

3 3 

S£= f] and Ts^ f] T'^). 

JV=i Ar=i 
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Remark 3.4 Note that the ( notation is traditionally used to denote the 
derived algebras of a Lie algebra. However in what follows we will not be using 
derived algebras at all so there should be no confusion resulting from the above 
definition. 

We have the following properties of S and T: 

Proposition 3.5 

(1) Properties of : 

(i) For all S £ S^^\ the map A : A ^ A given by A(a)-Id = [S, a- Id] is 
a K -derivation of A. Moreover, [F,ndAM,S] C End^A^- 

(a) For all S G 5^^^ and for all m,n £ A4, 

[S, 'Em.n] = E5(„) „ - (-1)I™II"IE5(„) (3.1) 



(Hi) Let X = eosp{q), eosp(g) or osp(q). Then [S^^\X] C X. In partic- 
ular, if £ = eosp(g), eosp((7) or osp(qj then S'^^^ C 

(iv) osp{q) is an ideal of S'^^^ 5*^^-' and so 

osp{q)nS^^^ <iS£. (3.2) 

In particular, £<iS£. Moreover, osp{q) <iS£ for any ideal £ ofosp(q) 
which is true in particular for £ = eosp{q), eosp{q) and osp(q). 

(2) Properties ofTs: 

(i) For all T £ 'T^^\ the map tp : A ~> £ given by f{a) — [T,a-Id] is a 
K -derivation from A to £ . 

(a) For all T G T'^' and for all m,n £ A4, 

[r,E„^„] - {q{T{m),n) - (-l)l"ll"lg(r(n), m)).M (3.3) 



(Hi) Suppose that £ C eosp(g) and AmiAim) — for some m £ M if 
£^eosp{q). ThenT^^') cT^^). 

(iv) [£, [r(3), A • Id]] = (0) and [Tf^', = (0). 

Remark 3.6 We should note that the assertion (liii) in the above proposition 
docs not hold for general eosp{q) C £ C osp(q), for an example sec Corollary 
4.10 . Also, a slightly more general version of (2iii) is proved in [Q. 

Proof: We leave it to the reader to check the above statements. They follow from 
the properties (S1)-(S3) and (T1)-(T3), except for the following two cases: in 
(liii) one needs to verify that [5*^^^ eosp((3')] C eosp(g) implies [5*^^^ eosp(g)] C 
eosp((7) for which one uses (|2.3| ), and in (2iii) one needs to check that for T G T*^^) 
and X G eosp(g), [T,x] = Oi-Id for some index set / where for each n G 
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there are only finitely many z 6 / such that atn ^ 0; this, together with the 
fact that Ann A(jn) = for some m £ M, implies that in fact only finitely many 
ai, i I are nonzero and so [T^^\ eosp(g)] C A-Id. ■ 

In fact, S and T give rise to a Lie superalgebra structure in the following way: 

Proposition 3.7 The K-supermodule 5 © T C End^ M End^ M is a Lie 
superalgebra with multiplication 

[S © T, 5' © T']~ = ([5, 5'] + [T, T']]) © {[S, T'] + [T, S']) (3.4) 

where [ , ] is the usual bracket multiplication in (Endx 



Proof: By Proposition 3.5, the bracket [ , ]~ is well-defined. It is easy to check 
that 5 © T ^ {Sq ® Tq) ® {Si ® Ti) defines a Z2-grading which gives 5 © T a 
X-superalgebra structure under the multiplication given by (B.4). The fact that 
(Endx A^)^^-* is a Lie superalgebra now implies the assertion. ■ 

Remark 3.8 It is important to note that 5 © T does not in general naturally 
imbed in Endx M. For example, if g = then End,4 C S OT and hence 

Definition 3.9 Let T>m be the set of all X-endomorphisms ds,T of L for which 
there exist S E S, T £ T satisfying 

ds,T{a,m,n,x) — {[S, a-Id\ + [T, x], {S + T){m), (3.5) 
iS-T){n),[T,a-Id] + [S,x]). 

Remark 3.10 Note that for every d e T>m, d = ds,T for unique S E S, T E T. 
We will often use the following notation: 



a 

X 



(a, 0,0,0) for all a e A; 

(0,m, 0,0) for all m e A^; , 
(0,0, m,0) forallmeA^; ^ ' 



(0, 0, 0, x) for all x E eosp(g); 
the meaning will be clear from the context. 



Theorem 3.11 

1) We have Vm = (Der^ L)q. In particular, Vm is a subalgebra o/Derx L and 
the map (j) : S (BT ^ Vm : S (BT ^ ds,T is a Lie superalgebra isomorphism. 

2) Moreover, DeiK L = ad L + Vm o,nd 

3) we have that adL n Vm = {ds,T e 'Dm \ S E T E A- Id} = adLg. 

4) If S — £ ® Sq and T — A- Id (STq where Sq (B % is a subalgebra of S ®T , 
then 

Der^f i = ad L X Vg^.To- 
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Proof: 

1) It is clear that Vj^ C (Deix L)o. On the other hand, let d = cIq (B 
di G (Derj<-i)o and so there exist M,N G Endj<:A1, (pA G Endx ^4, (p£ e 
Honij<:(j4, £) and ipA G Honi2<-(5, A), € Endx £ such that 

d{a,m,n,x) = {(pA{a) + 'ipA{x),M{m),N{n),(p£{a) + tjjeix)). 

Since c? is a derivation, for all a,b G A and x,y € £ we have 

(^^([a:, 2/]),0, 0, ^^([a;, y])) = d([(a, 0, 0, x), (6, 0, 0, y)] 

= [{^Aia) + ^pAix), 0, 0, ^£{a) + iJeix)), (b, 0, 0, y)] 

+ (-l)l(-AO..)||(M,o,,)|[^ 0, 0, x), (ipAib) + i^Aiy), 0, 0, Mb) + My)) 
= (0, 0, 0, [Ma) + M^), y] + Mb) + Mv)]) 

which implies that 

V'A[a;,t/] = 0, ipe{A) c Z{£) and ^s{£) C Der^f. 
Moreover, for all a G A, x G £ and m G ^4, 

(0, M(am + xm), 0, 0) = d{0, am + xm, 0, 0) = d{[{a, 0, 0, a;), (0, m, 0, 0)]) 
= [Ma) + ^pAix),0, 0, (pe{a) + M^), (0, m, 0, 0)] 

+ (-l)l'^ll"l[(a,0,0,a;),(0,M(TO),0,0)] 
= (0, {(pA{a) + iJA{x) + (fsia) + tP£{x)){m), 0,0) 
+ (_l)MI|a+a.|(0, aM{m) + xM{m), 0, 0). 

Hence 

[M,a-Id] = ipA{a)-Id + ips{a) and [M,x] = ipA{x)-Id + ip£{x) 
for all o G j4 and x G £. Similarly, 

[N,a-Id\ = —ipA{a)-Id + Lp£{a) and [N,x] — —tpAix)- Id + tp£{x) 
for all a G A and x G £. Let S,T G Endx M be given by 

S = 1{M + N); 
T = ^{M-N). 

Then [S,a-Id] = ipA{a)-Id G A-Id and [T, a-/d] = V£{a) G 5. Moreover, 
[5,2;] = tp£{x) G f and \T,x\ = ipA{x)-Id G A- Id. Hence S satisfies (SI) and 
(S3) and T satisfies (Tl) and (T3). Moreover, we have that 

d{a, m, n, x) = {[S, a- Id] + [T, x],{S + T)m, {S — T)n, [S, x] + [T, a- Id]) 
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and so using the fact that E,„,„ — [m+,71 ] — q{m,n) = — (— l)''"ll"'E„_m, we 
can show that 

((7(5(m),7i) + (-l)l'"ll"lq(5(n),m))-/rf = [S',g(m,n)-/d]; and 
Et(™).„ + (-1)''"""'Et(„).™ = [T,q{m,n)-Id]) 

and so S and T satisfy (S2) and (T2) respectively. Hence S* © T e 5 © T and 
so d G Vg- Therefore we have Vg = (Derj^ L)q and so Vg is a subalgebra 



of Derif foo- and so by Proposition 3.1, Vg is a subalgebra of Der^j- L. Let 



: 5 © T — > 2?£ be defined by (l){S ®T) = ds,T- Clearly this map is weU 
defined and is if-linear since 5 and T are if -linear. Injectivity follows from 
Remark 3.10| and surjectivity from the definition of Vg. It is easy to check that 



is a Lie superalgebra homomorphism and hence isomorphism. 



2) Follows from Proposition 3.1 and 1). 

3) It is straightforward to verify that dg.Aid C ad L. Conversely, let d G ad L n 
Vg. Then d = ds t — ad(ao, toq, ng, xq) for some S € S, T G T, (oq, toq, no, a;o) G 
L. Then using ( jj.^i ) and the fact that ^ G if, we have that S = xq & S and 
T — gq- Id G A- Id. Hence the assertion follows. 

4) Assume S = S ® Sq and T = A- Id (Bio where iSq © is a subalgebra of 



5 © r. Then by Proposition 3.7, 5 © T = (£ © A-Id) x {Sq © Tq). Hence by 1), 



{ds.T \ S G Sq, TGTojisa subalgebra of Vg and 

= {ds,T\Se£, TeA-Id}x{ds,T\SeSo, TeTo} 
= ad(i:o) >^ {rfs.T I ^g5o, TgTo}. 

By 3), we have adL n T>£ — ad(Lo). Hence by 2), 

Der/f L = adL + Vg = adL© {ds,T | S G So,T e %}. 

The assertion now follows from 1). ■ 

In fact, the ^-supermodules S and T can be described in the following terms: 



Recall the Jordan superalgebra J = A® ^A oi Example 1.4. Given a subalgebra 
£ of osp(g) containing eosp{q), recall the J-supermodule X = £(BM with action 
of J on X given by (p.5[). Let 



Der*(J) = {d G Der/f(J) | d{A) C A and d{M) C M}; and 
Der,(J,X) = {deI)crKiJ,X)\d{A) c£ aiiddiM) cM}. 



Proposition 3.12 In the above setting we have that 

(1) the map Der^(J) 5(1) n5(2) : d ^ d\M ^s a Lie superalgebra isomor- 
phism; and 

(2) the map Dcr*(J, X) —> T^^^ nT^'^'^ : d 1— > d\M is a K -supermodule isomor- 
phism. 
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Proof: (1) Let d € Endx M such that d{A) C A and d{M) C M. Then from 
the definition of Der(J) and Proposition |3.5[ l.(i) it follows that d e Der*(J) if 
and only if d\M satisfies (SI) and (S2). 

(2) Let d e HomA'(A ® M,£ ® M) such that d{A) C £ and d{M) C M. 
Then from the definition of Der(J, X) and Proposition |3.5| .2.(i) it follows that 
d G Der*(J, X) if and only if d\M satisfies (Tl) and (T2). ■ 



4 DERIVATIONS AS A SEMIDIRECT PRO- 
DUCT 

Here we will present some examples of subalgebras of osp(q) containing eosp(g) 
where we get a direct splitting of the algebra of derivations into inner and outer 
derivations. We keep the setting of Section 3. 

We let A^ to be the set of all invertiblc homogeneous elements of A. Note 
that, since ^ e A, A^ C Aq. 

Given a free A-supermodule Ai = (BieiArrn with a quadratic form q, we say 
that q is almost diagonalizable if for each i G / there exists i & I such that 

q{mi,mi) G A^ ; and 

g(mi, rrij) = for all j ^ I, j ^ i- 

If q is almost diagonalizable then for each i I, i is unique, i = i and \mi\ = \mi\. 
In addition, if q is almost diagonalizable with respect to {rrii | i G /} where i = i 
then we say that q is invertibly diagonalizable. Note that if q is invertibly 
diagonalizable with respect to {mi | i G /} then the basis elements rrii are even. 



Proposition 4.1 Let V be an A-supermodule with an A-quadratic form q-p 
and an element p E V such that AimA{p) — (0). Let J\f = (S)i=±iAni be a 
free A-supermodule with an invertibly diagonalizable A-quadratic form qjsf ■ Set 
Ai = M ® V with q = q^ © q-p and let £ be a subalgebra of osp(q) containing 
eosj>(q). Then 

Ts =r(2) =A-Id. 
Proof: Recall that A-IdcT C T*^). Let T G T^^) and write 

\ Tf^,v Tp^p J 

with respect to ^ ^ , so Tj^^p G Hom^ {JV,P), etc. Let p G V and let 
i,ke {±1}, kj^i. Then by (T2), 

= [r,g(ani,p)-/d](nfe) = ET(Q„,),p(nfc) + (-l)l''ll*'lET(p),Q„,(nfc) 

= -q{T{an.,),nk)p-{-lp^P^q{T{p),nk)an^. (4.1) 
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Since = TV P and q{M, V) = q{V,M) = we have that if p G P is such 
that Ann^(p) — (0), then 

= q{T{ani),nk) = qN'{Tf^,j^{an,),nk) for all i,k e I, k ^ i. 

We write T_\f^j^(ani) ~ ti_i(a)ni + ij._i(a)n_i where U G End/f A for i G {±1} 
and we obtain 

= U^k{a)q{nk,nk). 

Since q{nk,nk) G , we therefore have that U^k{o,) = for i ^ k and so 
Tj\f.f^{ani) = tii(a)ni. Moreover, since p € V and i G {±1} were arbitrary in 
(4.1) we have that 

= g(T(p), n) = qu{TvM{p), n) for all neJ\f,peV 

and so since ^a/" is nondegenerate, we have that T-p^j\f = 0. Now, let i G {±1}- 
Then for aU p G P, 

= [T,q{ni,p)-Id]{ni) ='ETin,).,p{'^i) + 'ET{p),ni{ni) 
= -tii{^)q{n'i,ni)p - T{p)q{ni, Ui) 

and so we have that T{p) = tii{l)p, i G {±1}- Set t := tii{l). 

Let i, fc G {±1}, i ^ fc and let a G A. Then 

= [T,q{n^,ank)-Id]{ni) = (ET(n,)Mnk +'^T{ank),ni){ni) 
= -tq{ni,ni)ank - tkk(a)nkq{n„ni) - T^^-p{ank)q{n„ni). 

Since q{ni,ni) G A'^ , Tj^f^-p — and tkk{o,) — ta. Hence T = t-Id and so 
T = A-Id. ' ■ 

Remark 4.2 For / and V different from the above the situation seems to be 
more complicated. 

One can easily show that if M and V are A-supermodules with A-quadratic 
forms qf^ and q-p respectively, then iov M = M (BV with q = q_\f ® qv, 

eosp(g) = eosp{q^f) © eosp(gAA, qv) © eosp(g-p) 

where eosp{qj^, q-p) = span^{E„_p \ n e M, p ^ V} and 



eosp(g) = eosp((jA/-) © eosp{q^, qp) © eosp((7-p). 
Moreover, if qjsf is invertibly diagonalizable then 



osp((?) = eosp(gA/-) © eosp((7A/-, q-p) © osp(q'p). 

Given S G iS^^-* we denote by ad^ S the derivation A G Der^ A which satisfies 
[S, a-Id]^ A (a) -Id for ah a G ^. We define 

- {S^ © 5p G n © (4'^ n 4'^) I ad^ ^a^ = ad^ 5^}. 
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Proposition 4.3 Let A4 = N'®V where M and V are A-supermodules with A- 
quadratic forms qj\f and q-p respectively. Assume that q_\f is almost diagonalizable 
with respect to some basis {n^ | i G /}. Then 

5(1) n 5(2) ^ eosp{q^, qv) ® Sjf 

and 

S = {5* e^^^i^(^^?79^©5^ I [S',5] c £}. 

Proof: Let S G n^^^). By (SI), [S,a-Id] = A{a)-Id for some A e Der^ A. 
Write 

S^r,^f Sm.v 



S 



where S'aa.p e HomKlA/", T'), etc. Then using (SI), [Sj^^j^®Sv,v,a-Id] = A{a}Id 
and S^/_v © Sv,^/ S Hom^ M. In addition, using the orthogonahty of A/" and 'P 
and (SI) applied to A/" and V separately we have Sj\f^j^®Sv,v G S^- Moreover, 
using (S2) we can show that 

q{{S^,v®SvM){m),m') + (-l)l"ll™'lg((^A^,p © 5p,A^)(m'), m) = 



and so S'a^,-P©S'-P,A^ S osp(g) = eosp(gA/')ffieosp(q'7v', 9-p)®osp(q'7o). Hence clearly 
Sj\r,V®Sv,M & eosp(gA", q-p) and so S'^^^ n^^^^ C eosp((7A^, qv)®Sjf. Conversely, 



to show that eosp(gAf, qv) © C S^^'' fl S^^\ by Proposition 3^.1.4, we only 
need to show that C S^'^^ n 5^2). Let S'a/- © 5^ e 5^ and let A e Der^ A 
such that [S'a^ © Sv,a-Id] — A{a)-Id. Hence clearly Sj\f ® Sv & S^^\ One can 
easily show that SV © S'-p G ^^^^ and so the rest of the assertion follows. ■ 



Proposition 4.4 Let M and TZ be free with homogeneous bases {ui | i £ /} and 

{rj I J G J} and A-quadratic forms q_\f and qn respectively where qjsf is almost 
diagonalizable with respect to {n^ \ i £ 1} and q-jz = 0. Set M ~ N' ® TZ with 
the A-quadratic form q — qjs/ ffi q-ji. For A G Der^^ A define Aj^ G End^ A4 by 
setting 

(]rA{q{ni,ni))q[ni,ni)~^ai + A(ai) j ni 
lei ^ ^ 

+ J2Mb,)rj. (4.2) 

Set (Dcrx A)m = {^A^ I ^ G Derx ^}. Then the map Dctk A — > (Der^f A)m : 
A ^ AjVi is a Lie superalgebra isomorphism and 

5(1) n 5(2) = osp(g) >^ (Dcrx A)m 

= cosp(g) >^ (End^T^ x (Derx A)m)- 

Hence 

S£ = {Sg osp(g) X (Der^f A)m I [S, £] C £} 



a,ni 
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and in particular, if£~eosp{q), eosp(g) or osp(q) th- 



en 



Ss = 5*^^ n 5^^) = osp(g) X {V)eTKA)M 
= eosp((7) XI (End^T?. x (Der/f A)jvi)- 

Proof- Let e S^^^ r\S^^\ By (SI), [S'.a-W] = A{a)-Id for some A e Der^ A 
Then for each m e M and a e A, S{am) = (-l)l'^ll'"laS'(TO) + A{a)m. Set 
5*0 e End^ by 

5o(ni) = S'(ni) - iA(g(ni,ni))g(ni,ni)~-^ni and So{rj) = S{rj) 

fori e /, j e J. Then for each i, fc e /, using (S2), g(S'o(n,), nfc)+(-l)l"-ll"'=lg(5'o(nfc), 
0. Moreover, for each i ^ I, j E J, 

qiSoirj),ni) + (-l)l'-^ll"-lg(^oK), r,) = =^ [5, 9(r„ n,) -W] = 

and for all j, Z e J, 

g(5o(r,),n) + (-l)l'-^H'-'lg(^o(n),r,) = 0. 

Hence since S'o G End^ , 5*0 G osp(g) and so by a direct calculation we get 
that S = So + Am- Therefore S^^^ fl S^^^ C osp{q) + (Der^ Conversely, 
to show that osp(g) + (Der^ A)x C 5^^^ n S^'^\ by Proposition ^.1.4, we 
only need to show that (DerK A)_\4 C S^^^ fl 5^^^ This again follows from a 
direct calculation. Since (DerK A)m nEndA^l = (0) and osp(g) S EndA^W, 
S'^^^ n .S^^^ = osp{q) © (DevK A)m- One can check that the map Der^ A 
(Derif A)m ■ A i— > Am is a Lie superalgebra isomorphism. He nce (DevK A)m 
is a subalgebra of 5'-^-' fl 5'-^-' and so since by Proposition |3.5| .l-(iv) osp(g) is 
an ideal of r] S^^\ it follows that S'^^^ D S'^^'> = osp(g) x (DerA- A)m- Since 
qn = 0, osp((7) = eosp(g) x End^- 7?. and so 

5(i)n5(2) ^ (eosp(g) xEndx 7e) x (Derx A)m = eosp((7)©(EndK 7^e(Deri^ A)m) 

Since (Der^r A)ai and EndyiT?- are subalgebras of iS*-^-* n iS*^^-* to show that 
End^T?. ® (Der^- A);vi is a subalgebra of 5^^^ D 5^^^ we only need to show 
that [(Derx A)m , End^ TZ] C (Der/f A)a4 End^i TZ. In fact, we will show that 



[(Derx A)a^, EndA 7^] C End^ U. 

Indeed, let A G Der^ A and S G End^ 7?.. Then with respect to = 
we have 



n 



[Am,S]^ 



Ak W 

A|k ; ' I 5 



[Alls] )eHomA(A^,7^) 



and so [(Der^- A)m , End^ TZ] C Hom/f ( , 7^) • Moreover, if S{rj) — J2ieJ 
forsomesji £ A, i,j G J then [[Ax, S"], a-/d](6rj) = and so [(DerA' v4)7vi, Endyt 7^] C 



20 



© End^ n = End^ 7^. Hence [(Der^ A)m® End^ (Der/f A)m® EndA H] C 
(Derif A)7V4 © Endyi 7?. and so (Der/f A)m © End^ is a subalgebra of S. The 
rest of the assertion now follows from the definition of S and from Proposition 
T5ll.(iii). ■ 



For what follows we need the following: 

Definition 4.5 We define the locally inner derivations of L to be the deriva- 
tions d G HevK L such that for any f init e subset {xi, . . . ,Xn} of L there exists 
X G L satisfying d{xi) = [x,Xi] (see ^Z| ). We denote the locally inner deriva- 
tions of L by adioc L. 

Remark 4.6 One can easily show that adioc L is an ideal of Der^j- L and 
moreover that eosp(q) C adioc eosp((7oo) (one uses the fact that [a;,Em,„] = 
Ea;(m),n + (-1)'^""'E™,2;(„) for X E osp{q) and rn,n £ M). 

We will, given 5 G S'^^\ for simplicity write [S,A-Id] for the map A G Der^ ^ 
satisfying [S,a-Id] = A{a)-Id. 

Corollary 4.7 Let Af and V he A-supermodules with A-quadratic forms q_\f 
and q-p respectively where qj^ is almost diagonalizable with respect to some basis 
{ni\i(z 1} ofM. Then 

eosp((7A/-) ® eosp((7A/-, qv) ® (5^^^ n 5^^^) ^ ^^^^n^f^) 

x®S ^ x®{adAS)M®S 



is a Lie superalgebra isomorphism. If £ = cosp(q), eosp(q) or osj>(q) then 



S = eosp{q^f ) © eosp(gA^, q-p) ® S-p 

and in particular, if q is the orthogonal sum of an almost diagonalizable quadratic 
form and an invertibly diagonalizable A-quadratic form of rank 2, then 



Derx £oo = 



ad\oc{£oo) + Sp, if £ ^ eosp(g) ; 
a.d{£oo) +Sp, if £ ^ eosp(g), osp{q). 



Proof: By Proposition p~3|, 5^^^ nS^^^ = eosp{q^f , qp) ® S'^ . By Proposition |!4 



Sj\f = eosj>{qj\f) XI (DeiK A)j^. We claim that 

= i^^Mw) ® 0) © {(adA Sv)Af © Sp I Sp G Sp}. (4.3) 

Indeed, if S^f (B Sv & Sjf let A = ad^ = ad^ Sp. Then Sa/- = x + Aaa G 
eosp((7A/-)ffi(DerK and so Sf^®Sv = (a:©0)-h(A7v©g-p) = {x®Q) + {{[Sv , A 
Id\)jsf®Sp) which is the element of the right-hand side of (4.3). Conversely, since 
eosp(qA/-) C EndA M we have eos\){qj^) C Sj^ with adA Sjsf = 0. Moreover, 
given Sp> G Sp> with adA S-p = A G Der^ ^ we have A^y/ © S'p G Sjf since 
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Aa^ e S^r by Proposition O. If = (x © 0) + ((ad^ S-p)Ar © Sv) then 5"^ = 



hence (ad^ S-p)x = and so a; = 0. Therefore 

5(1) n5(2) =i^;i^;(^^77^®^;;^^i^;(^©{(ad^s'-p)Af ©s'-p | s'^, es-p}. 

It is easy to see that S-p {(ad^ S-p)j^ ® Sp \ S-p G 5-p} : Sp ^ {ad a S-p)j^ © 
Spi is a Lie superalgebra isomorphism and so the first assertion of the CoroUary 



holds. The second assertion follows from 3.5.1.(iii). If £ — eosp(q), eosp(g') or 
osp(g) then by Proposition S = S^^^ (1 5*^^-' . The rest of the Corollary now 



follows from Theorem 3.11 using the fact that eosp{qj\f, qp)(Beo8p{qj\j-) C eosp(q) 



and that cosp((j) C adioc(eosp(qoo)). 



Remark 4.8 In |Bc|, Benkart described the derivations of root-graded Lie 
algebras over a field F of characteristic 0. In particular, for a centreless Lie 
algebra L graded by finite root systems B or D she proves that 

DerF L = ad L + Der* (J) 

for a certain Jordan algebra J. Since L is isomorphic to £ ^ cosj>{qj (Bq-xo ®^v) 
for some finite index set /, base point a;o and an A-module V where A is an 
extension of F and qi®qxo is almost diagonalizable. In addition, since / is finite, 
one can show that eosp(g7v'7 Qv) © eosp((7A'') = cosTp{qj\f, q-p) © eosp(gA/') and so 
using the above corollary, Der^f f 00 — ad(foo) + Sp. However, by Proposition 



3.12 , Sp = Der*(A © V) where A © "P is a Jordan algebra and this algebra 
is isomorphic to the Jordan algebra which appears in Benkart 's description of 
i?-graded Lie algebras. 

Theorem 4.9 Let J\f and TZ be free A-supermodules with rank(A/' © 7?,) > 2 
and A-quadratic forms qj\f and q-ji respectively such that = and qj\f is an 
orthogonal sum of an almost diagonalizable A-quadratic form and an invertibly 
diagonalizable A-quadratic form on a free A-supermodule of rank 2. Let M = 
j\f (B TZ with the A-quadratic form q — q^ © q-jz and let £ be a subalgebra of 



osp(q) containing eospfgj. For A e Derif A define A^k € End/f using (4_^). 
Let the map {S e osp(g) © (DeiK A)m \ [S,£] C £} ^ Vs : S i-^ ds,o be the 
Lie superalgebra monomorphism given by ^3. Sj ). Then DeiK A — > (DerA' A)m : 
A I— > Aj^ is a Lie superalgebra isomorphism and 

DeiK^oc = ad^oo+jc^s.o E \ S £ osp(g)ffi(DcrA' ^)a4 such that [S,£] C £}. 
with 

adfoo n {dsM \ S e osp(g) such that [S, £] C £} = ad£ ^ {ds,o \ S e £}. 

Hence, whenever S ^ £ ys Sq, 

DevK £00 = ad(£:oo) xi {ds,o e \ S e So}- 

In particular: 
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(1) If £ — eosp{q) then 

BeiK £00 = adioc £00 x {d-ss) eV\S e EndA 7^ © (Derj^ A)m]- 
Moreover, if A4 is free of finite rank then 

BeiK £00 = Sid{£oc) X {ds,o (zV\Sc EndA Tl © (Der^f A)^}. 



('^j If £ = eosp{q) then 

BeiK £00 = ad(£oo) X {^5,0 eV\S e End^ 7^ © (DerA' A)m}- 
(3) If £ ^ osp(g) then 

DevK £00 = ad^oo x {^5,0 eV] S e (Dctk A)m}- 



Proof: By Theorem we have that the map 5 © T -> : (S", T) 1-^ ds,T 

is a Lie superalgebra isomorphism with the induced bracket operation and 
Derif £^00 = ad(£oo) + By Proposition iA, S — {S e osp(g) x (Der^ A)m \ 
[S, £] C £} where the map Der^- A (Der^r A)m ■ ^ '-^ is a Lie superalge- 
bra isomorphism. Moreover, by Proposition [4.l|, T — A-Id. The main assertion 



now foUows from Theorems 3.11 .3 and 3.11 .4. and so (3) foUows immediately 
from this and (2) follows from the fact that osp(q) = eosp(g) xi End^ H in this 
setting. Let £ = eosp(g). By Proposition |4. 



S = osp{q) xj (Bctk A)m = eosp(g) x: (End^ IZ © (DerK A)m) 



and so 



Der^r £oc = ad^oo + (eosp(g) © {ds,o e Vg \ S e End^ 7^ © (DerA A)m}- 



We will show that adioc(^-oo) — ad(goo) + eo8p{q). The inclusion D is clear. 
Since adioc(foo) C End^ £00, from ( |3^ ) we have adioc(^oo)ndEndA TCeCDcr^ A)m,o = 
adiocli^oo) dEndA-RM- Suppose that ds,o e adioc(eosp(goo)) for some S e 
End^ Then for each j G R there exists (ao, mg, uq, xq) € eosp(goo) such that 

c's.oCOjrjjO, 0) = {0,S{rj),0,0) = [(ao, mo, hq, a^o), (0,rj,0,0)] = {0,aQrj,Q,Eno,r,) 
c^S,o(0,0,rj,0) = (0,0,5(rj),0) [(ao, mo, no, xq), (0, 0,rj,0)] = (0, 0, -aor^ , E^q^^J 

and so S'(rj) = aQrj and 5'(rj) = —a^rj hence S{rj) ~ 0. Since j G R was 
arbitrary, S* = and so adioc(iS'oo) H rfEndA^.o = (0). Hence since clearly 
ad £aa C adioc £00 and since adioc {£00 ) is an ideal of £00 , 



V)eTK{£oo) = adioc (^oo) X d 



EndA TCffi(Dcrjf A)mS)- 



Now, if is of finite rank then one can show that eosp(5) — eosp{q) (see [Q) 
and so adioc £00 — ad £00 hence the assertion follows. ■ 
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The setting of Theorem 4.9 also holds in the following example: Let A4 = 
(Bi^iAnii be a free supermodule where I — Z or I = and let q be the 
quadratic form on A4 defined by 

q{mi,mj) = {-lySi-j, iJeZ; 

q{mi,mj) 



q{mi,mj) = 0, ?' £ Z, j £ - + Z. 



Define ospfd((?) to be the set of all A-endomorphisms (0^ ) in osp(g) of M which 
have finitely many no nzero diagonals. For K = A = C, the a lgebr a ospfd((;) has 
been studied by Kac (@) for / = Z and by Cheng- Wang ([^^) for / = iZ. 

Corollary 4.10 If the elements ofZ are invertible in A then ospfdfl) ^•s self- 
normalizing in osp(q) and 

Der/f 5oo = ad{£oo) x {ds.o e X>£ | G (Derx A)m}- 

Proof: By Proposition 4.4, 

S = {S e osp{q) (Der^ A)m I [5*, £] C £}. 



Since the elements of (Der^ A)m satisfy (SI), by Proposition |3 . 5|. 1 . 1 , [(Der/f A)mi 
EndA-M] C End^A^. Hence since the elements of (DeiK A)_\4 are diagonal, 
[{DeiK A)m,£] C £. Let {vi \ i & I U J} denote the standard basis of M. 
Let {aij)ijiziuj € osj>{q). Since M is almost diagonalizable, one can show 
that Qij — --a^j^-iq{vi,v-i)q{vj,v-j) for all i,j € lU J. Define {bij)ij^njj G 
ospfd((7) by hk,k = fc, k ^ and 5o^o = 0. Then [(a^j), {hj)] € ospfag implies 
that {uij) € ospfd((?) and so ospfd((?) is self- normalizing. Hence 



S = {S e osp{q) XI (DciK A)m 
= osp id{q) (Dot K A) M 



[S, £]c£} = {Se osp(q) I [S, £]c£}x (Dcrx A)m 



and so DerK£oo = ad(foo) + {^5,0 € | S £ ospfd(g) x (DevK A)m}- The 
assertion now follows from Theorem 3.11.4. ■ 

The following corollary is a generalization of Benkart's result for Lie algebras of 
type B and D (|Be, Theorem 3.6]). 

Corollary 4.11 Suppose M = H{I;A) © V where \I\ > 2 or \I\ > 1 and 
Ann^(p) = (0) for some p G V. Let q-p be an A-quadratic form on V and set 
q = qi ® q-p. Let L — eosp(qoo) CL^d £ = eosp (g) (e.g. L is a centreless Dj- or 
Bj-graded Lie superalgehra for J = /U{oo}, jCAf/ / Then 



and 



Derx L = adi + {^5,0 £ | S* G 5^} 
adL n {ds.o G I>e | S" £ ^f} = adf. 
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Hence if S = £ x So then 

BeiK L = adL X {ds^o £ X>£ | 5 G Sq}. 

In particular, if V — M ®TZ with the A-quadratic form q = qj^ © q-n where J\f 
and TZ are free A-supermodules with A-quadratic forms qjsf and q-ji respectively 
such that qjsf is almost diagonalizahle and q-ji = then 

DeiK L = adioc L xi {ds.o e T>£ \ S e EndA 7^ © (Der^ A)m) 

where d(Dcrjf yi)7vi,o isomorphic (as a Lie superalgebra) to Tier k A. In partic- 
ular, if L is of finite rank, 

DeixL = adi XI {ds^ e Vs \ S £ EndAlZ ® (DeiK A)m}- 

Proof: Since |/| > 1, II{I;A) contains a two-dimensional invertibly diagonal- 
izahle free A-supermodule as a direct summand and so the assertion holds by 



Proposition 4.1. The rest follows from Theorem 4.£. 



We can apply Theorem 4.9 to extended afFine Lie algebras of type B and D: 

Corollary 4.12 Let K, he the centreless core of an extended affine Lie algebra 
of type Bi or Di (I > 3, I > i respectively) with nullity v. Then 

Derc/C?^ad/C x Derc C[tf \ . . . , tj^]. 

The last assertion of the following was proved in |K2, Proposition 2.3.4] and ||S|, 
Proposition 3.1.2.3] and is a special case of Theorem 4.9. 

Corollary 4.13 Let K be an algebraically closed field of characteristic 0. 

(1) Let m,n Cz Z+, q ~ q{i,...,m} © 9{i n} over K and let qo : Kuiq x 
KniQ ~* K be the K-quadratic form on a free supermodule Kuiq given by 
g(mo,mo) = 1. Then eosp{q) — osp(2m,2n) and eosp{q (S qo) ~ osp(2m + 
l,2n). 

(2) Let A be a superextension of K and let L = osp(m,2n), m,n E Z+. Then 
DerK{L (g) A) = ad L x: Dbtk A. In particular, for A ~ K , L has no outer 
derivations. 
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